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Abstract 

In this paper, we have proposed a Hybrid Exponentially 

Weighted Moving Average HEWMA control chart. The 

proposed control chart is based on Product- Difference 

Estimator of Mean using one Auxiliary variable. We call 

it as PD-HEWMA control chart. From this study the fact 

is revealed that PD-HEWMA control chart shows more 

efficient results to traditional/simple EWMA chart and 

EWMA control chart proposed by Saghir et al (2018). The 

comparison of the PD-HEWMA control chart is also 

performed with the EWMA chart based on Product- 

Difference Estimator ((cf. Saghir et al. 2018)). The 

proposed chart also out performs to all the other control 

charts in comparison. The PD-HEWMA chart can be used 

for efficient monitoring of the production process in 

manufacturing industries. The control limits of the 

proposed chart are based on estimator, its mean square 

errors and bias. A simulated example has been used to 

compare the proposed and traditional/simple EWMA 

chart and EWMA control chart proposed by Saghir et al. 

(2018). The control charts performance is measured using 

the average run length-out of control (ARL1). It is 

observed that the proposed chart performs better than 

existing EWMA control charts. 

Keywords: Hybrid, EWMA, CUSUM, Product- Difference Estimator, 

average run length. 

Introduction 

Statistical Process Control is usually referred as SPC. It is a method 

which includes monitoring, controlling and refining of a process. The 
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real life application clearly states that all processes inherent some 

variation. But sometimes the process shows a great level of 

discrepancy and results in the occurrence of offensive/unpredictable 

results. One of the uses of the SPC is to reduce variation to achieve the 

best objective value. 

The Control charts are the most important tool of SPC tool kit. It is 

commonly used to differentiate between the assignable and un-

assignable causes. The purpose of the effective process monitoring 

system is to detect the presence of an assignable cause as rapidly as 

possible without stopping checking too often or too late. The control 

charts are of different types. Some are memory control charts and other 

are memory-less control charts. Shewhart are memory-less control 

charts and are being used to detect a large size shift whereas the 

memory type charts are used for dealing with small size shifts. 

The use of statistical quality control charts in different fields of life 

revealed that the most of the control charts are structured to cater 

information about the quality characteristic/ studied variable. If we are 

able to acquire some information about some other variable(s) which is 

correlated with our variable of interest, we can enhance the efficiency 

of the control chart by the efficient charting statistic. The additional 

information is known as auxiliary information and the variable 

providing the additional information is referred as auxiliary variable. 

This additional/auxiliary information is used at different points in 

survey sampling to estimate the unknown parameters. Whenever the 

auxiliary information is used in the parameter estimation process, the 

precision of the estimating the parameter is improved. 

Literature Review 

Watson (1937) proposed some estimation procedures using auxiliary 

information. It was the initial work in the field of auxiliary information. 

Mandel (1969) gave regression control chart and Zhang (1984 & 1985) 

used the additional/auxiliary information in preparation of cause-

selecting-type control chart. Wade and Woodall (1993) proposed the 

prediction limits by inserting some modifications in Zhang (1984) 
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control limits. Many efficient estimators can be obtained/developed by 

the use of auxiliary variables, for example, see the researches by 

Hidiroglou (2001), Kadilar and Cingi(2005), Singh and Vishwakarma 

(2007), Singh et al. (2008), Hanif et al.(2009), Hamad et al.(2013), 

Awan and  Shabbir (2014).  

Riaz (2008) and Riaz and Does (2009) proposed the control chart for 

the variability using one auxiliary variable for Phase-I. When the 

additional/auxiliary information is incorporated in the construction of 

quality control charting attributes, efficiency of such charts is 

improved. Riaz (2009 & 2011) suggested control chart for location 

parameter using one auxiliary variable for Phase I. 

Woodall et al (2004) and Rashid et al (2010) proposed control charts 

using regression estimators’ incorporation the use of auxiliary 

information. Ahmed et al (2014) also used auxiliary information in 

designing control charts. 

During recent years the use of an auxiliary variable in the literature of 

the SPC has attracted the attention many researches of the quality 

control for the efficient estimator of the variable under study. The 

auxiliary variable may be defined as the variable which is available for 

every unit of the population under study in addition to the original 

variable of interest. Many researchers in the area of control charts have 

explored the technique of auxiliary variable (Riaz (2008); Cheng and 

Chen (2011); Sodipo (2010); Riaz (2013); Yadav (2011), Noor-ul-

Amin et al (2020).   

Riaz, (2008) proposed the average control chart using the auxiliary 

information based upon the product difference and described that the 

auxiliary information proved to be a comparatively good tool for the 

effective monitoring of the production process. 

Extending the Riaz, (2008) work, we have proposed the PD-HEWMA 

chart. The chart is different from Z-HEWMA charts. In Z-HEWMA 

control chart by Raza et al. (2019), the exponential type estimator for 

mean  using  two  auxiliary  variables by  Noor-ul-Amin  and  Hanif  

(2012) is used, whereas, the proposed charts is based on Product ratio 
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estimator of mean using only one auxiliary variable. So, both charts 

implementation in the industry is different. 

We have developed Hybrid EWMA scheme on product difference 

estimator developed by Saghir et al (2018) using the auxiliary 

information, the information of interested quality characteristic and the 

correlation existing between these two variables. The developed 

scheme is better in applicability as the existing one ignores the Hybrid 

EWMA technique using the product difference estimator. Thus, it is a 

big gap in the literature and the current article is proposed to be filled. 

To fulfill the research gap, we propose a new Hybrid Exponentially 

Weighted Moving Average (EWMA) control chart based on Product- 

Difference Estimator of Mean using one Auxiliary variable. In the later 

sections of the paper we have given the expressions for control limits 

of the proposed PD-HEWMA control charts. A simulated example has 

also been included to compare the performance PD-HEWMA control 

charts with simple Exponentially Weighted Moving Average (EWMA) 

control chart and Cumulative-sum CUSUM) control chart. The 

performance is measured on average run length-out of control (ARL1). 

The chart showing less ARL1 will be awarded as more efficient chart 

as it will be more sensitive to the change and it will be detecting it 

more rapidly than other chart in comparison. 

Methodology 

2.1 The Proposed PD-Hybrid EWMA (PD-HEWMA) Control 

Chart 

In this study, we propose a new Hybrid Exponentially Weighted 

Moving Average (EWMA) control chart based on Product- Difference 

Estimator of Mean using one Auxiliary variable. The estimator used 

for the control chart development (cf. Saghir et al. 2018) is given as: 

22(( ) )t t tM Y x X    

(1) 
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Whereas, Y denotes the main quality characteristic having mean y  and 

variance 
2

y and X denotes an auxiliary variable with mean x  and 

variance
2

x . Further, let  be the correlation coefficient between Y 

and X. Assume that the variables Y and X follow a bivariate normal 

distribution i.e. ),,,,(~),(
22
 xyxyNXY  

We adopted the procedure for the simple EWMA control chart based 

on Product- Difference Estimator of Mean using one Auxiliary variable 

from Saghir et al (2018).
 

Now we define two the new sequences
1 2
, ,.....,E E  and 

1 2
, ,.....,HE HE  as 

follow: 

111 )1(  tit EGE 
 

(2)
 

Where tE shows EWMA charting statistics and iG  is the mean of the 

data and 1tE shows previous statistics value information.          

122 )1(  ttt HEEHE 
 

 (3)
 

The tHE  statistics is the Hybrid charting statistics, 
1 &

2  are the 

smoothing parameters and the control limits of the proposed chart will 

be derived as:        

tt MHEE )(
 

(4) 
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And variance of HEt: 

  

 
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    

    (5)

 

So the control limits are:  

UCL=   0 +  LPD-HEWMA1 )( tHEVar  

(6)
 

LCL=     0 - LPD-HEWMA2 )( tHEVar  

Where LPD-HEWMAi is the 99.73 quantile point of the distribution under 

study and M

2 is the variance of the M-estimator. 

1.2 Algorithm for PD-Hybrid EWMA Control Chart 

To evaluate the PD-HEWMA control chart we need to find the 

corresponding UCL  and LCL of the control chart. The steps to 

compute constant control limits are given as under:                        i) 

Take a population of size N. 

ii) The population means of the variables ty  and tx  are Y  and X

respectively. 

iii) Take a sample of size n by simple random sampling (SRS) with 

replacement from the population of N units. Compute the Plotting 

Statistics values using the equation 1. Simulate steps iii-iv 2000 times 

and estimate the LPD-HEWMA value. 
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iv) There are two way to find the value of LPD-HEWMA. The distribution 

of the estimator is required for the selection of LPD-HEWMA (99.73) 

quantile point of the estimator calculated data. First calculate the 

values for Mt and then use any distribution fitting software like Vose 

Model Risk, Easy fit 5.6 or Minitab 16 to get the most closely fitted 

distribution to the data. Now get the 99.73 quantile point of fitted 

distribution. If the distribution of estimator given in equation 1 is 

unknown still one can estimate the 99.73 quantile points of the 

estimated data by identifying the point value under which 99.73% data 

points falls. Now compute the constant control limits of PD-HEWMA 

control chart given in equation 6. 

Result and Discussion  

3.1 Illustrative Example 

To study the features of the proposed PD-HEWMA control chart, we 

have used the simulated data and applied the proposed control charting 

parameters. The simulated data consists of variables; Y denoting the 

main quality characteristic having mean y  and variance 
2

y and X 

denoting an auxiliary variable with mean x  and variance
2

x . 

Further, let  be the correlation coefficient between Y and X. Assume 

that the variables Y and X follow a bivariate normal distribution i.e.

),,,,(~),(
22
 xyxyNXY  

The procedure proposed in section 2 is evaluated using different 

choices of sample size (n), EWMA weight (λ1) and HEWMA weight 

(λ2) and correlation coefficient among variables (ρ). Among these 

some results are presented here for discussion purpose. Tables 1–2 give 

the ARLs of the proposed PD-HEWMA control and it comparison with 

the existing EWMA control chart. We have considered n = 20, 40 and 

λ1 = 0.05 and λ2 = 0.03 for ARL0 = 220.00 and Tables 3 report the 

results for ARL0= 370.00. Four cases of the correlation among 

variables are considered, which include 0.0, 0.10, 0.30, and 0.50.” The 

standard deviation of the run length is also given in parenthesis. 
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The Tables 1–3 shows that: 

(i) The control chart constants for the control limits increase as the 

correlation coefficient increases. However, these remain unchanged 

when the sample size is increased. 

(ii) The ARL for shifted process decreases rapidly when the variables 

are correlated as compared with the case of ρ = 0. 

(iii) The proposed chart performs better at correlation ρ = 0.1 and 0.3 

than at ρ = 0.5. 

(iv) The ARL1 increases as sample size increases for a fixed value of 

ARL0 and λ’s. 

(v) The standard deviation of the run length is approximately same as 

the mean, which is expected as the run length for an independent 

sample follows a geometric distribution. 

 

Figure 1. The ARL of the proposed PD-HEWMA chart for n = 40, 

ARL0 = 370 and λ1 = 0.05 and λ2=0.03 

We use the of the out-of-control ARL1 as a performance measure to 

compare the efficiency of the proposed chart to detect a small shift in 

mean. Figure 1 gives ARl1 for various choices of shifts and correlation 

coefficient. This figure shows that the proposed PD-HEWMA chart 
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performs better for smaller value of correlation coefficient (0, 0.1 and 

0.3) than at ρ = 0.5. 

For low correlation between variables i.e. from 0.1-0.3 the Control 

charts shows efficient performance whereas, for high correlation 

greater than 0.5 the control chart efficiency decreases. It is because as 

the MSE is a function containing  . If the correlation increases than 

MSE decreases and the quintile point L (.) value increases. Therefore, 

we observe better results for low correlations than the high 

correlations. 

Application 

To explain how this chart works in reality, the data is taken from Riaz 

(Singh and Solanki 2013). Let for this study, λ1 = 0.05 and λ2=0.03, n = 

10, LPD-HEWMA = 5.9. We suppose that the process is in-control with 

mean of μx = 210.24. The central limit is 102.11. We plotted the values 

of PD-HEWMA statistic on the control chart in Figure 2. 

 

Figure 2. The proposed PD-HEWMA chart for n = 10, ARL0 = 370 

and λ1 = 0.05 and λ2=0.03 
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The figure 2 shows the application of the proposed control chart. It is 

observed that the proposed PD-HEWMA chart performs better than 

existing EWMA charts.  

Conclusions and recommendations 

This article proposed a PD-HEWMA control chart using the auxiliary 

information for efficient monitoring of process mean. The control chart 

constants have been determined using Monte Carlo Simulation for 

various values of correlation coefficients. The choice of correlation 

coefficient has a significant effect on the value of control chart 

constants which are used in the construction of the proposed PD-

HEWMA chart. The performance of the proposed chart is assessed 

with respect to the average run length out-of-control situations for 

different values of correlation coefficient and sample sizes. 

It is observed that ARL1 is significantly reduced for small 

correlation (0.1–0.3) while it is not true for the large value of 

correlation coefficient (0.5). The performance of the proposed PD-

HEWMA chart is also compared with simple EWMA chart and 

EWMA control chart proposed by Saghir et al (2018) for a fixed 

sample size and correlation coefficient. It has been observed that the 

proposed chart is more efficient to detect a small shift in the process 

mean than other two under study. Therefore, the use of the proposed 

PD-HEWMA chart is recommended when the statistics on the 

auxiliary variable is available along with the variable of interest for 

efficient detection of small mean shift of process. 
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Appendix:  Simulated Samples used for this study and Mt Charting 

Statistic values 
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